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We study the dynamics of the two-level atomic systems (qubits) under a double-layer environment
that is consisted of a network of single-mode cavities coupled to a common reservoir. A general exact
master equation for the dynamics can be obtained by the quantum-state-diffusion (QSD) equation.
The quantumness of the atoms including coherence and entanglement is investigated within various
configurations of the external environment. It is shown that the preservation and generation of the
quantumness can be controlled by regulating the parameters of the cavity network. Moreover the
underlying physics of the results can be profoundly revealed by an effective model via a unitary
transformation. Our work provides an interesting proposal in protecting the quantumness of open
systems in the framework of a double-layer environment containing bosonic modes.
I. INTRODUCTION
It is nearly unavoidable to regard the coupling to an
external environment [1] when modeling a realistic quan-
tum system. Protecting the concerned system from de-
coherence in various forms caused by the environment is
always a central problem or task for both quantum infor-
mation processing and quantum computing [2]. Many ap-
proaches, such as quantum error correction [3, 4], dynam-
ical decoupling [5, 6], quantum Zeno effect [7, 8], have
been applied to suppress the leakage of quantum informa-
tion from system to environment. These approaches fo-
cus mainly on the operations performed on the concerned
systems. Alternatively, improving the understanding and
manipulating of the system-environment interaction in
terms of coupling operator, coupling strength and envi-
ronmental configuration is also meaningful to protect the
quantum property of the system.
With respect to the configurations of the external envi-
ronment, the structured and hierarchical reservoirs have
attracted extensive investigations. For example, sev-
eral independent reservoirs could interact simultaneously
with a single central system [9]. Furthermore, the cor-
relation between the sub-environments of the total sys-
tem [10] might be taken into consideration. In many
realistic scenarios, the quantum system is surrounded
by the environments layer by layer. It means that the
central system directly couples to some components of
the total environment that are further coupled to the
other components of it. In quantum-dot systems, the
phonon bath can indirectly influence the momentum of
the electron spin through the spin-orbital interaction in-
volving the electrical field exerted by the positive-charge
nuclei [11]. And the nuclei is directly coupled to the
electron spin through hyperfine interaction. The single-
donor electron spin in silicon is also exposed to a similar
environment [12, 13]. In the NV center system [14], the
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central spin is strongly influenced by surrounding elec-
tron spins of Nitrogen impurities, which couple simulta-
neously to the nuclear spins of both Nitrogen impurities
and carbon13. In the spin-cavity-boson model [15], the
spin-photon interaction is used to establish the entan-
glement between two distant electron spins in diamond,
while the photon loss due to the coupling with bosonic
environment reduces the fidelity.
Inspired by these facts, the system coupling to an envi-
ronment with more than one-layer was proposed theoret-
ically in recent works [16–18]. An interesting instance is
that a two-level system interacts with a damping cavity
mode discussed in Ref. [16], where the dynamical fea-
ture of the concerned system is studied by modifying
the parameters of cavity and reservoir. Consequently, in
Refs. [17] and [18], the authors suggested a more compli-
cated hierarchical environment, where one qubit is placed
in a damping cavity that is interacting with other damp-
ing cavities. The role of the coupled cavities played in
the non-Markovian dynamics of the qubit has been dis-
cussed in details. The results indicate that the structure
and parameters of a multi-layer environment have a vi-
tal influence on the intrinsic behavior of the central sys-
tem. In this work we introduce an exact treatment to a
double-layer environment, and extend the model into a
more realistic situation which is not limited to the one-
qubit case. Our treatment can be easily applied to more
complex hierarchical environments with more layers.
Another motivation of this work is to find a way to
protect the quantumness of the concerned system in a
double-layer environment. The model we are interested
is structured as follows. The concerned system is con-
sisted of qubits that are individually placed in the single-
mode cavities. These cavities are mutually coupled with
each other and coupled to a global multi-mode reservoir.
Based on the exact dynamics of the system, it is demon-
strated that the cavity-cavity coupling strength and the
cavity-network size have a profound impact on protecting
the quantumness (including quantum coherence and en-
tanglement) of the concerned system in both Markovian
and non-Markovian reservoirs.
2In our approach, although the interaction between the
single-mode cavity and the qubit is coherent, we can treat
the cavity modes as the first layer of the total environ-
ment. The state of the concerned system at the mo-
ment t is given by ρs(t) = TrE [U(t)ρs(0) ⊗ ρE(0)U †(t)],
where ρs and ρE represent the reduced density matrix
of the open system and its environment, respectively.
The direct product at t = 0 means that the system and
the environment are initially uncorrelated. It should be
emphasized that the density matrix of environment ρE
contains both the cavity modes and the global reservoir
(the second layer of the total environment). We follow
the exact method in Ref. [19] and treat the states of all
the environmental modes as complex Gaussian noises.
Thus the qubit system can be described by a special
stochastic Schro¨dinger equation, named the quantum-
state-diffusion (QSD) equation.
The rest of this work is organized as follows. In Sec. II,
we present the theoretical model in a general situation
where M qubits are separately located in N damping
cavities, N ≥ M . In Sec. III, we present the applica-
tion of the QSD equation in our model, its ansa¨tz in the
O-operators formation, and the consequent exact mas-
ter equation. The detailed derivation can be found in
appendix A. In Sec. IV, we study the coherence of a one-
qubit system and the entanglement of a two-qubit sys-
tem as two typical qualities of quantumness. The effect
of the coupled-cavity network is investigated in details.
By means of an effective model described in appendix B,
we explain the relevant physics in an alternative way in
Sec. V. Finally we draw a conclusion in Sec. VI.
II. THEORETICAL MODEL
FIG. 1. (Color online) Schematic diagram of the whole model.
M qubits are individually placed in N cavities, N ≥M . The
connections among the cavities constitute a quantum net-
work. All the cavities are subject to a global reservoir.
In our model, the qubits that might be used to imple-
ment the tasks for quantum computation or information
storage are individually located in the nodes of a quan-
tum network consisted of the mutually-coupled single-
mode cavities. All the cavities served as the nodes of the
network that are embedded in a global reservoir. The
configuration of the whole system is depicted in Fig. 1.
The total Hamiltonian in the rotating picture with re-
spect to H0 = Hc +He, where Hc =
∑N
n=1 ωcna
†
nan and
He =
∑
k ωkb
†
kbk are the Hamiltonians of the cavities and
the external global reservoir, respectively, can be written
as
H = Hq +Hqc +Hcc +Hce
Hq =
M∑
m=1
ωam
2
σ(m)z
Hqc =
M∑
m=1
Ω∗amσ
(m)
− a
†
me
−i(ωam−ωcm)t + h.c.
Hcc =
∑
p6=q
Ωpqa
†
paqe
i(ωcp−ωcq)t
Hce =
N∑
n=1
ane
−iωcnt
∑
k
g∗kb
†
ke
iωkt + h.c. (1)
It is composed of four parts. Hq represents the con-
cerned system containing M qubits. σ
(m)
z and σ
(m)
± ,
m ∈ [1, 2, . . .M ], are the Pauli operators for the mth
qubit with the transition frequency ωam. Hqc describes
the coupling between qubits and cavities with the cou-
pling strength Ωam, where a
†
m (am) is the creation (an-
nihilation) operator of the mth cavity mode with the
eigenfrequency ωcm. Hcc involves the mutual connection
among the cavities marked by p 6= q ∈ [1, 2, . . .N ] with
different coupling strength Ωpq (Ωpq = Ω
∗
qp). Hce indi-
cates the dissipation of cavities owing to their coupling
to the global reservoir, where the coupling strength gk
involves the kth environmental mode and b†k (bk) repre-
sents its creation (annihilation) operator with the eigen-
frequency ωk. Here the spontaneous emission of the qubit
is omitted. This assumption is physically reasonable
in certain situations. For example, in a hybrid system
where the atoms or spins interact with the superconduct-
ing resonators, the coherence lifetime of atoms is much
longer than that of resonators due to their comparatively
weak interaction with the surrounding environment [20].
Moreover, it is noticeable that we do not yet consider the
direct interaction between qubits, since they are isolated
by the cavities individually.
This structure of the total environment can be well-
understood from the viewpoint of a hierarchical environ-
ment. The correlated cavities are the first layer of en-
vironment, and the global reservoir serves as the second
one. When the qubits contact with the leaking cavities,
the quantum information of the qubit system will proba-
bilistically travel across the the first layer and the second
one and then come back. Thus its dynamics is deter-
mined by the features (configuration and parameters) of
the whole environment. After resolving the dynamical
equation in a nonperturbative way, we would demon-
strate that the coupling strength between the cavities,
3the interaction between the qubits and the cavities, and
the number of the cavities play important roles in the
dynamics of the qubit system.
III. NONPERTURBATIVE MASTER
EQUATION OF THE QUBIT SYSTEM
Recently an improved method based on the QSD ap-
proach is suggested to deal with the hybrid system con-
sisting of atoms and cavities [19]. Its key idea is to
treat the cavity as a constituent of environment or noise,
which follows a special correlation function. Using this
approach that is insensitive to the number of cavities,
one can deal with all kinds of configurations of cavity net-
work or array. More importantly, exact solution could be
obtained for both Markovian and non-Markovian reser-
voirs. In the current section, we will derive an exact
master equation of the qubit system in a general situ-
ation, where M qubits are individually embedded in N
cavities (M ≤ N).
Following the standard QSD approach [21, 22], the full
wavefunction of the total system (including system and
environment) |Ψ(t)〉 can be projected to the Bargmann
coherent states of the environment. It results in the fol-
lowing stochastic wavefunction of the system part:
|ψt(x∗, y∗)〉 = 〈x||〈y|| · |Ψ(t)〉 (2)
|Ψ(t)〉 =
∫
d2x
pi
e−|x|
2||x〉〈x||
∫
d2y
pi
e−|y|
2||y〉〈y|| · |Ψ(t)〉
where ||x〉 ≡∏Nj=1 ||xj〉 and ||y〉 ≡∏k ||yk〉 represent the
random Bargmann coherent states for all the modes of
cavity aj and reservoir bk, respectively.
The exact linear QSD equation can be formally written
as (see appendix A)
∂t|ψt(x∗, y∗)〉 = −iHeff |ψt(x∗, y∗)〉 (3)
where
Heff =
M∑
m=1
ωam
2
σ(m)z + H˜qc + H˜cc + H˜ce
H˜qc = i
M∑
m=1
(Ω∗amσ
(m)
− x
∗
mt − Ωamσ(m)+ O¯xm)
H˜cc = Ωpq
N∑
p6=q=1
O¯xpx
∗
qt
H˜ce =
N∑
n=1
(x∗ntO¯y + O¯xny
∗
t )
The terms H˜qc, H˜cc and H˜ce result from the interac-
tions of qubit-cavity, cavity-cavity and cavity-reservoir,
respectively. The O-operators are defined as
Oxp(t, s)|ψt〉 ≡ δ
δx∗ps
|ψt〉, x∗ps ≡ −ix∗peiωcps
Oy(t, s)|ψt〉 ≡ δ
δy∗s
|ψt〉, y∗s ≡ −i
∑
k
g∗ky
∗
ke
iωks (4)
where p runs from 1 to N ≥ M and the time-dependent
complex Gaussian processes x∗ps and y
∗
s respectively sat-
isfy the following correlation functions
M [xptx
∗
ps] = αp(t, s) = e
−iωcp(t−s)
M [yty
∗
s ] = β(t, s) =
Γγ
2
e−γ|t−s|
in statistics. Here M [·] stands for the ensemble average
over the noise x∗pt or y
∗
t . Note in above we have assumed
that the spectrum density of reservoir has a Lorentz form
S(ω) =
1
2pi
Γγ2
γ2 + ω2
, (5)
where Γ is the coupling strength between each cavity and
the global reservoir, and γ is related to the bandwidth
of the spectrum measuring the memory capacity of the
reservoir. The operators O¯xp(t) and O¯y(t) are defined as
O¯xp(t) =
∫ t
0
dsαp(t, s)Oxp(t, s)
O¯y(t) =
∫ t
0
dsβ(t, s)Oy(t, s)
Furthermore, using the Novikov theorem, we can derive
an exact master equation of qubit system from the linear
QSD equation under the one-excitation condition
ρ˙s =M
[
|ψ˙t〉〈ψt|+ |ψt〉〈ψ˙t|
]
=
[
−i
M∑
m=1
ωam
2
σ(m)z , ρs
]
+
M∑
m=1
(
Ωam[O¯xmρs, σ
(m)
+ ]
+ Ω∗am[σ
(m)
− , ρsO¯
†
xm]
)
(6)
where ρs is the density matrix of the concerned qubit
system. It can be seen that the master equation in-
volves explicitly with the O-operators arising from the
cavities which are embedded with qubits, i.e., Oxm,m ∈
[1, 2, . . . ,M ]. Yet actually all the O-operators Oxp, p ∈
[1, 2, . . . , N ] from the cavities and Oy from the external
reservoir (the second layer of the environment) are mutu-
ally correlated with each other, whose dynamical equa-
tions form a closed set. The details can be found in
appendix A.
IV. QUANTUMNESS OF THE QUBIT SYSTEM
In this section, we are working in the conditions in
which the qubits are resonant with the cavities, i.e.,
4ωam = ωcn = ω, and the coupling strengths between
qubit and cavity as well as those among cavities are
isotropic, i.e., Ωa1 = Ωa2 = · · · = ΩaM = Ωa and
Ωpq = Ω. For simplicity, throughout this work we sup-
pose the initial state of the total system is given by ρ =
ρs ⊗ |0c10c2 . . . 0cN〉〈0c10c2 . . . 0cN | ⊗ |00 · · · 0〉〈00 · · · 0|,
where |0c10c2 . . . 0cN〉 and |00 · · · 0〉 indicate that there
is no photon in both cavity network and reservoir when
t = 0. In the following parts of this section, we will in-
vestigate the exact dynamics of one-qubit and two-qubit
systems, focusing on the effect from the double-layer en-
vironment on the quantumness of the qubit system.
A. Coherence of one-qubit system
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FIG. 2. (Color online) (a) The coherence dynamics of the
qubit under various pairs of the qubit-cavity coupling strength
Ωa and the cavity-cavity coupling strength Ω. (b) The average
coherence during the desired evolution period Γt = [0, 200] as
the function of Ωa and Ω. Here we have a Markovian reservoir
and N = 3 cavities in the cavity-network. The initial state of
the qubit is prepared in 1√
2
(|e〉+ |g〉).
As one of the most important quantum resources,
quantum coherence has been investigated intensively [23–
25]. In this work, we employ the relative entropy as the
measure of coherence. Its definition is [23]
Coh(ρs) = S(ρ
d
s)− S(ρs) (7)
where S(ρ) ≡ −Tr(ρ ln ρ) is the von Neumann entropy,
and ρds is obtained by cancelling all the off-diagonal ele-
ments in the density matrix of ρs. We present the coher-
ence dynamics of one-qubit system based on the results
of exact master equation (6) with M = 1.
Firstly, we assume the global reservoir is Markovian,
namely in the correlation function (5) γ/Γ → ∞, and
the number of cavities is fixed as N = 3. The initial
state of qubit is prepared as |ψs〉 = 1√2 (|e〉 + |g〉) and
then its coherence is 0.707 at t = 0. In Fig. 2(a), it is
shown that the dynamics of the qubit coherence can be
modified by regulating the coupling strengthes Ωa and
Ω. From the black solid line, we can see that if the cou-
pling between the qubit and cavity Ωa is strong while
the coupling strength of cavity-cavity Ω is comparatively
weak, the coherence will quickly decay, then rapidly re-
vive, and then repeat such an intensive fluctuation with
an asymptotically decreasing amplitude. With the in-
creasing cavity-cavity coupling strength Ω, it is shown
by the blue dashed line that the amplitude of the oscilla-
tion is reduced and asymptotically the coherence follows
almost the same decay pattern. In the red dotted line
with a smaller Ωa, the fluctuation of the coherence is
further suppressed and the amplitude of the coherence
asymptotically decays in a much slower rate with time.
The average coherence M [Coh] ≡ 1
t
∫ t
0
dsCoh(s) can
be used to reveal more things about the coherence in the
parameter space of Ωa and Ω. In Fig. 2(b), it is shown
that during a desired evolution period Γt = [0, 200], the
average coherence can approach a high value by enhanc-
ing Ω while reducing Ωa. When the qubit-cavity coupling
strength Ωa is comparatively weak, the average coherence
can be sensitively manipulated by the cavity-cavity cou-
pling strength Ω.
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FIG. 3. (Color online) The coherence dynamics of the qubit
under different γ. The other parameters are fixed as Ωa/Γ =
0.1, Ω/Γ = 0.2, and ω/Γ = 5. The initial state of the qubit is
prepared in 1√
2
(|e〉+ |g〉).
5Considering the strong system-environment coupling
in some of the realistic systems, in which the effect of
the non-Markovian environment due to its memory ca-
pacity can lead to more protection of the central sys-
tem. The correlation function obtained by the Lorentz
spectrum (5) will become proportional to the delta func-
tion corresponding to a strict Markovian reservoir when
γ → ∞; while in contrast it will manifest a strong non-
Markovian effect when γ → 0. Thus through changing
γ, we can achieve the transition of reservoir from the
Markovian to the non-Markovian regions. In Fig. 3, we
fix the coupling strengthes and the number of cavities
while changing γ. It is shown that the revival of coher-
ence can be promoted by a small γ yet the amplitude of
the coherence fluctuation is insensitive to it, which means
the non-Markovian reservoir has a positive effect to pro-
tect the coherence of the qubit as well as its average.
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FIG. 4. (Color online) The coherence dynamics of the qubit
with different number of cavities N . The other parameters
are fixed as Ωa/Γ = 0.1 and Ω/Γ = 0.2. The reservoir is
supposed to be of Markovian type. The initial state of the
qubit is prepared in 1√
2
(|e〉+ |g〉).
We have more numbers of cavities in a larger size
of quantum network. The total system thus become
more complicated when more cavities involve into the
dynamics. In Fig. 4, we fix the coupling parameters as
Ωa/Γ = 0.1 and Ω/Γ = 0.2 and present the coherence dy-
namics with N = 2, 4, 8 under the Markovian reservoir.
It is obvious that increasing size of the cavity network in
the first layer is helpful to suppress the decoherence rate.
The amplitude of coherence fluctuation is also enhanced
by the network size. This result could be understood that
a larger first-layer environment provides more chances for
the exciton coming back to the central qubit system in
the presence of the irreversible loss to the second-layer
environment.
B. Entanglement of a two-qubit system
As an important physical model for quantum
state/information transfer [26] and the superposed state
preparation, the dynamics of two-qubit system has been
widely studied in many literatures. In this section, we fo-
cus on the entanglement dynamics of the two-qubit sys-
tem attained by the master equation (6) with M = 2.
We adopt the concurrence as a measure of entanglement.
It is defined as [27]
C(ρ) = max
{
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
}
(8)
where the quantities λi’s are the eigenvalues in the de-
creasing order of the matrix
ρs(σ
(1)
y ⊗ σ(2)y )ρ∗s(σ(1)y ⊗ σ(2)y ) (9)
and ρs is the density operator of the two-qubit system.
Inspired by the results in the one-qubit case, here we still
focus on the effect of the coupling strengthes Ωa and Ω,
the memory parameter of environment γ and the size of
the cavity network N .
Firstly, we suppose the global reservoir is of Marko-
vian and the number of cavities is fixed as N = 3. We
assume the state is initially prepared in a symmetric Bell
state 1√
2
(|eg〉 + |ge〉). In Fig. 5(a), we choose four pairs
of coupling strengthes Ωa and Ω to present their respec-
tive effect on the entanglement dynamics. In comparing
the two black lines or the two blue lines, it is shown that
the survival time of entanglement can be extended by
strengthening the couplings among the cavities Ω while
maintaining the same coupling between qubit and cavity
Ωa. Strong couplings among the cavities can also sup-
press the amplitude of the concurrence fluctuation, which
is consistent with one of the conclusions found by a pre-
vious model with spin environment [28]. From the pair
of the black solid line and the blue dotted line or from
that of the black dashed line and the blue dot-dashed
line with circles, we can see that a weaker qubit-cavity
coupling Ωa yields a slower asymptotical decay rate.
To see more general situations in the parameter space
of Ωa and Ω, we define the average concurrence by
M [C] ≡ 1
t
∫ t
0
dsC(s) during a desired evolution period
Γt = [0, 50]. In Fig. 5(b), by continuously regulating the
values of Ωa and Ω, it is shown that for a fixed Ωa, a larger
Ω can maintain the average concurrence at a high level.
However, with the increasing Ωa, it becomes more diffi-
cult to protect the entanglement of qubits by increasing
Ω. From the view of the whole scope, it is inferred that
the entanglement is more sensitive to Ωa than to Ω. The
result that an entangled qubit-pair favors the situation
with a weak qubit-cavity coupling and a strong cavity-
cavity coupling is coincide with the one-qubit-coherence
behavior in Fig. 2(b).
Under the non-Markovian reservoir, the combined in-
fluence of the parameters Ω and γ on the qubit entan-
glement is presented in Fig. 6. From the black solid line
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FIG. 5. (Color online) (a) The entanglement dynamics of
the qubits under various pairs of the qubit-cavity coupling
strength Ωa and the cavity-cavity coupling strength Ω. (b)
The average entanglement during the desired evolution period
Γt = [0, 50] as the function of parameters Ωa and Ω. Here we
have a Markovian reservoir and N = 3 cavities in the cavity-
network. The initial state of the two-qubit system is prepared
in 1√
2
(|eg〉+ |ge〉).
and the blue dashed line where the cavity-cavity cou-
pling strength is fixed as Ω/Γ = 0.2, it is shown that a
small γ/Γ implying that a long memory time of reser-
voir is effective to protect the qubit entanglement. Fur-
thermore, in the red dotted line and the orange dash-
dotted line with a larger Ω/Γ, the value of concurrence
is promoted to a higher level. So we can infer that the
memory effect of the reservoir is helpful to the quan-
tum feedback from the cavity network to the qubit sys-
tem. From an alternative viewpoint based on the pseudo-
mode method [29, 30], a reservoir with a spectral den-
sity function in the Lorentz form could be regarded as a
single-mode coupled to a Markovian reservoir. So that in
our model, the employment of the non-Markovian reser-
voir indeed transfers the double-layer environment to a
triple-layer one. In this scenario, the qubit system is ef-
fectively coupled to a cavity network and at the same
time the network coupled to another single-mode with a
strength proportional to
√
Γγ, which is further coupled
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FIG. 6. (Color online) The entanglement dynamics of the
qubits under the non-Markovian reservoir with various mem-
ory parameter γ and cavity-cavity coupling strength Ω. The
other parameters are fixed as Ωa/Γ = 0.1, N = 3, and
ω/Γ = 5. The initial state is prepared in 1√
2
(|eg〉+ |ge〉).
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FIG. 7. (Color online) The entanglement dynamics of the
qubits with different sizes of cavity network N . The param-
eters are fixed as Ωa/Γ = 0.1 and Ω/Γ = 0.2. The reservoir
is supposed to be of Markovian type. The initial state is pre-
pared in 1√
2
(|eg〉+ |ge〉).
to a Markovian reservoir yielding a decay rate γ. The
coherent flow of quantum information between the qubit
and cavities has to walk through a longer path before
it can irreversibly leak into the external reservoir. It is
then understandable that the leaking rate can be effec-
tively suppressed by reducing γ.
In Fig. 7, we investigate the size effect of the cavity net-
work on the concurrence under the Markovian reservoir.
We fix the parameters as Ωa/Γ = 0.1 and Ω/Γ = 0.2.
In the case of N = 2 which means there are only two
nodes in the cavity-network, the concurrence decreases
monotonously with time and with no oscillations. How-
ever, the dynamics becomes oscillatory when N > 2.
And the results resemble those for the one-qubit situ-
ation, where a larger N is more protective to maintain
7the level of quantumness. This phenomenon indicates the
presence of the “extra” cavities (meaning each of them
has no qubit therein) renders the quantum information
of qubit system spending more time to leak to the second
layer. In addition, the fluctuation amplitude of the qubit
entanglement is enhanced with the increasing number of
“extra” cavities, which shows the feedback of quantum-
ness from the first-layer environment.
V. DISCUSSION
To dig more about the underlying physics, we can con-
struct a general effective model through a set of unitary
transformations as illustrated in appendix B. Using this
method, the structure of the full Hamiltonian (1) can
be remarkably simplified. Particularly for the two-qubit
case with N ≥ 3, the effective Hamiltonian under the
isotropic parametric condition can be given by combin-
ing Eq. (B5) with M = 2 and Eq. (B12):
H ′ = H ′q +H
′
qc +H
′
cc +H
′
ce (10)
H ′q =
ωa
2
(σ˜Az + σ˜
B
z ) (11)
H ′qc =
[
Ω∗aσ˜
A
−a˜
†
3 +Ω
∗
aσ˜
B
−
(√
2N
N
a˜†1 +
√
N2 − 2N
N
a˜†2
)]
+ h.c. (12)
H ′cc = [ω + (N − 1)Ω] a˜†1a˜1 +
N∑
n=2
(ω − Ω)a˜†na˜n (13)
H ′ce =
√
Na˜1
∑
k
gkb
†
ke
−iωkt + h.c. (14)
where both qubits and cavity modes have been renor-
malized to a set of effective qubits σ˜ and modes a˜. The
details can be found in appendix B. Now it becomes a
model in which one qubit (Qubit-A) is coupled to a sin-
gle mode (a˜3) and another qubit (Qubit-B) is coupled
to the other two modes (a˜1 and a˜2) with renormalized
coupling strengthes. The mode a˜1 is now the only leak-
ing mode that is coupled to the second-layer environment
(reservoir). And the remaining cavities are now decou-
pled from them. So that in this transformed picture, the
qubit system is at most coupled to 3 cavities regardless
of the actual size of the cavity-network.
The configuration of the effective model is depicted
in Fig. 8. In this renormalized representation, Qubit-A
and Qubit-B share the same ground state |gg〉12. And
their excited states are described by the dressed states
|eA〉 = 1√2 (|eg〉12−|ge〉12) and |eB〉 =
1√
2
(|eg〉12+|ge〉12),
respectively. So that in practice the dynamics of the in-
terested initial state 1√
2
(|eg〉12+ |ge〉12) is determined by
the evolution of Qubit-B. From the Hamiltonian H ′cc in
Eq. (13), it is found that a large cavity-cavity coupling
strength Ω enhances the detuning between the effective
qubits and cavities, which will considerably reduces the
transition rate between the qubit system and the cavity
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FIG. 8. (Color online) Schematic diagram of the effective
model for N ≥ 3. Here ω˜1 ≡ ω + (N − 1)Ω and ω˜2 = ω˜3 ≡
ω − Ω. The decoupled cavities are not drawn.
network as the first-layer environment according to the
Fermi’s Golden rule. While from the Hamiltonian H ′qc
in Eq. (12), the qubit-cavity coupling strength Ωa now
plays the role of the coupling strength between Qubit-B
and the leaky cavity mode a˜1, which will speedup the
decay rate of the qubit entanglement. With fixed param-
eters Ωa and Ω, one can also find from Eq. (12) that the
effective coupling strength between Qubit-B and the loss-
less cavity mode a˜2 will be enhanced with the increasing
size of the cavity-network N . This interaction term re-
sults in the obvious fluctuating behavior as shown by the
two lines with N = 4 and N = 8 in Fig. 7 even when
the external reservoir is of Markovian type. It means
that the quantumness of the qubit system can get more
protection from a larger cavity-network. In the limit of
N → ∞, the coupling between Qubit-B and the leaky
cavity mode a˜1 will approach zero indicating a perfect
protection for quantumness. In contrast, for the case of
N = 2, the Hamiltonian H ′qc in Eq. (12) becomes
H ′qc =
(
Ω∗aσ˜
A
−a˜
†
3 +Ω
∗
aσ˜
B
− a˜
†
1
)
+ h.c. (15)
in which the effective Qubit-B interacts only with the
lossy cavity a˜1. Then it is easy to understand that the
evolution of qubit-system entanglement necessarily fol-
lows an exponential decay evolution (see the black solid
line in Fig. 7) under the Markovian reservoir.
The effective model or Hamiltonian (10) can also be
used to explain the quantumness dynamics of the qubit
system prepared as separable states. Now we consider the
product state |eg〉12 as the initial state, whose degree of
entanglement is zero at t = 0. One can observe the entan-
glement generation due to the indirect coupling between
the two qubits, which is induced by their direct coupling
to the cavity network. We show the entanglement genera-
tion process in Fig. 9 under the non-Markovian reservoirs
with different memory parameter γ. It is shown for the
strong non-Markovian environment with γ/Γ = 0.1, the
entanglement will nearly achieve the maximal value and
quasi-periodically evolve with time. With the increas-
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FIG. 9. (Color online) The entanglement generation for the
initial state |eg〉12 under the non-Markovian reservoirs with
different memory parameter γ. The rest parameters are fixed
as Ωa/Γ = 0.1, Ω/Γ = 0.5, ω/Γ = 5 and N = 3.
ing γ, the quasi-period is enlarged and the revival peak
value of the entanglement will gradually decay with time.
In the long time limit, the concurrence under a large γ
approaches 1/2.
Now we turn to the transformed picture, where the
state |eg〉12 can be rewritten as |eg〉12 = 1√2 (|eA〉+ |eB〉).
Based on Eq. (12), Qubit-A is decoupled from the reser-
voir, so the state |eA〉 is isolated from dissipation. How-
ever, due to the indirect coupling with reservoir, the state
|eB〉 is expected to decay to the ground state eventually
by spontaneous emission. So for a long evolution time,
the final state should collapse into the mixed state of the
dressed state |eA〉 = 1√2 (|eg〉12 − |ge〉12) with a weight
1/2 and the ground state |gg〉12 with a weight 1/2. This
result is irrespective to the values of Ω, Ωa, N and γ.
The same steady-state has been reported in Ref. [31].
VI. CONCLUSION
In this work, we investigate the effect of a double-layer
environment consisted of a cavity network and a global
multi-mode reservoir on the dynamics of a central qubit
system. Based on the exact master equation obtained
by the quantum-state-diffusion approach, we discuss the
protection of the quantumness (coherence and entangle-
ment) of the qubit system via manipulating the parame-
ters of the double-layer environment, including the qubit-
cavity and cavity-cavity coupling strengthes Ωa and Ω,
the size of the cavity networkN and the memory parame-
ter γ of the external reservoir as the second layer environ-
ment. It is found that the quantumness of open system
could have a long lifetime under any or all of the follow-
ing four conditions: (i) the system-environment interac-
tion strength is reduced (a weak qubit-cavity coupling);
(ii) the inner-coupling between environmental modes is
enhanced (a strong cavity-cavity coupling and a sizable
cavity-network); (iii) the external reservoir as the second-
layer environment is structured (a non-Markovian reser-
voir with a long memory time).
Besides the numerical evaluation, we established an ef-
fective model in a transformed picture to understand the
underlying physics of this special open-quantum-system
model with a double-layer environment. The qubit sys-
tem is found to be effectively coupled to a very limited
numbers of tilde cavity-mode despite in the original pic-
ture they are embedded in a leaky network with N nodes.
Only one tilde cavity-mode interacts with the second-
layer environment in the transformed picture. Our work
therefor paves an extendable way to understand and
control the dynamics of the central qubit system sur-
rounded by a multilayer environment. It should be em-
phasized that the results in this work are not limited
to the spin-boson-environment models, but also serve as
a clue for other models including spin-spin-environment
that is popular in the solid-state quantum devices.
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Appendix A: Exact QSD equation for a double-layer
environment
In this appendix, we will first derive Eq. (3) based on
the standard QSD method, and then obtain the general
master equation (6) from the linear QSD equation. The
solutions are explicitly presented for the one-qubit and
two-qubit cases. Using the definitions of the Bargmann
coherent state,
||z〉 ≡
∞∑
n=0
zn√
n!
|n〉 = e |z|
2
2 |z〉 (A1)
where |z〉, z = xj , yk is the normal coherent state for
bosonic mode [see Eq. (2) and the explanations below].
It is straightforward to find that
〈xj ||aj = ∂
∂x∗j
〈xj ||, 〈xj ||a†j = x∗j 〈xj ||
〈y||bk = ∂
∂y∗k
〈yk||, 〈y||b†k = y∗k〈y|| (A2)
where ||y〉 ≡ ||y1〉||y2〉 · · · ||yk〉 · · · . From the Schro¨dinger
equation ∂t|Ψ(t)〉 = −iH |Ψ(t)〉 with H the total Hamil-
tonian (1) and the projection by the bra state of the
Bargmann coherent state for modes of the two lay-
ers of environment, one can directly get a stochastic
9Schro¨dinger equation for the central system
∂t|ψt(x∗, y∗)〉 = −i
[
Hq +
M∑
m=1
(
Ω∗amLmx
∗
me
iωcmt+
ΩamL
†
me
−iωcmt ∂
∂x∗m
)
+Ωpq
∑
p6=q
e−i(ωcp−ωcq)t
x∗q
∂
∂x∗p
+
∑
n,k
(
g∗ke
−i(ωcn−ωk)ty∗k
∂
∂x∗n
+ gke
i(ωcn−ωk)tx∗n
∂
∂y∗k
)]
|ψt(x∗, y∗)〉 (A3)
where Lm = σ
(m)
− . Regarding xnt ≡ −ix∗neiωcnt,
n = 1, 2, · · · , N , as a special “noise process”, its corre-
sponding correlation function is αn(t, s) = M [xntx
∗
ns] =
e−iωcn(t−s). yt = −i
∑
k g
∗
ky
∗
ke
iωkt and its correla-
tion function is assumed to be β(t, s) = M [yty
∗
s ] =∑
k |gk|2e−iωk(t−s) = Γγ2 e−γ|t−s|.
With the chain rule, one can define the following func-
tional derivatives:
∂
∂x∗j
=
∫ t
0
ds
∂x∗js
∂x∗j
δ
δx∗js
=
∫ t
0
ds(−ieiωcjs) δ
δx∗js
∂
∂y∗k
=
∫ t
0
ds
∂y∗s
∂y∗k
δ
δy∗s
=
∫ t
0
ds(−ig∗keiωks)
δ
δy∗s
(A4)
Thus Eq. (A3) can be rewritten as
∂t|ψt(x∗, y∗)〉 =
[
− iHq +
M∑
m=1
(
Ω∗amLmx
∗
mt − ΩamL†m
∫ t
0
dsαm(t, s)
δ
δx∗ms
)
− iΩpq
N∑
p6=q
x∗qt
∫ t
0
dsαp(t, s)
δ
δx∗ps
− i
N∑
n=1
(
y∗t
∫ t
0
dsαn(t, s)
δ
δx∗ns
+ x∗nt
∫ t
0
dsβ(t, s)
δ
δy∗s
)]
|ψt(x∗, y∗)〉 (A5)
The ansa¨tz of O-operators are then introduced by
Oxn(t, s)|ψt(x∗, y∗)〉 ≡ δ
δx∗ns
|ψt(x∗, y∗)〉 (A6)
Oy(t, s)|ψt(x∗, y∗)〉 ≡ δ
δy∗s
|ψt(x∗, y∗)〉 (A7)
Afterwards we formally obtain
∂t|ψt(x∗, y∗)〉 = −iHeff |ψt(x∗, y∗)〉 =[
− iHq +
M∑
m=1
(Ω∗amLmx
∗
mt − ΩamL†mO¯xm
)
−
iΩpq
N∑
p6=q
x∗qtO¯xp − i
N∑
n=1
(
y∗t O¯xn + x
∗
ntO¯y
)]
|ψt(x∗, y∗)〉
(A8)
where
O¯xp ≡ O¯xp(t) =
∫ t
0
dsαp(t, s)Oxp(t, s)
O¯y ≡ O¯y(t) =
∫ t
0
dsβ(t, s)Oy(t, s) (A9)
Equation (A8) is just Eq. (3) in the main text. According
to the consistency condition ∂tδx∗ns = δx∗ns∂t and ∂tδy∗s =
δy∗s∂t, one can obtain the equations of motion for the
O-operators,
∂tOxn(t, s) = −i[Heff , Oxn]− iδx∗nsHeff
= −i[Heff , Oxn]−
M∑
m=1
ΩamL
†
m
δO¯xm
δx∗ns
− iΩpq
N∑
p6=q
x∗qt
δO¯xp
δx∗ns
− i
N∑
n=1
(
y∗t
δO¯xn
δx∗ns
+ x∗nt
δO¯y
δx∗ns
)
(A10)
∂tOy(t, s) = −i[Heff , Oy]− iδy∗sHeff
= −i[Heff , Oy]−
M∑
m=1
ΩamL
†
m
δO¯xm
δy∗s
− iΩpq
N∑
p6=q
x∗qt
δO¯xp
δy∗s
− i
N∑
n=1
(
y∗t
δO¯xn
δy∗s
+ x∗nt
δO¯y
δy∗s
)
(A11)
with the boundary conditions
Oxn(t, t) = Ω
∗
anσ
(n)
− − iΩmn
N∑
m 6=n
O¯xm(t)− iO¯y(t)
Oy(t, t) = −i
N∑
n=1
O¯xn(t) (A12)
Under the single-exciton condition, it is easily verified
that the O-operators satisfying Eqs. (A10) and (A11) can
be written in the formation
O(t, s) =
M∑
p=1
M∑
q=1
fp,q(t, s)σ(p)z σ
(q)
−
O¯(t) =
M∑
p=1
M∑
q=1
F p,q(t)σ(p)z σ
(q)
− (A13)
where we have omitted the subscript xn or y. The coeffi-
cients appearing O¯(t) are defined according to Eq. (A9),
F p,qxn ≡ F p,qxn (t) =
∫ t
0
dsα(t, s)fp,qxn (t, s)
F p,qy ≡ F p,qy (t) =
∫ t
0
dsβ(t, s)fp,qy (t, s) (A14)
Using the Novikov theorem, we have M [x∗nt|ψt〉〈ψt|] =
ρsO¯
†
xn, M [y
∗
t |ψt〉〈ψt|] = ρsO¯†y , where M [·] represents en-
semble average, one can consequently obtain a general
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exact master equation (6) from Eq. (A8)
ρ˙s =M [|ψ˙t〉〈ψt|+ |ψt〉〈ψ˙t|] = [−iHq, ρs]
+
M∑
m=1
(
Ωam[O¯xmρs, σ
(m)
+ ] + h.c.
)
(A15)
The example considered in Sec. IVA is a system of
M = 1 qubit embedded in a cavity network consisting of
N leaky cavities. The O-operators can then be given by
Oxn(t, s) = fxn(t, s)σ−, Oy(t, s) = fy(t, s)σ− (A16)
Inserting Eq. (A16) into Eqs. (A10) and (A11) and us-
ing the definitions in Eq. (A14) and the spectral func-
tion (5), one can obtain the differential equations for the
coefficients in the O-operators:
dFxn
dt
= Ω∗a1δn,1 − iΩmn
N∑
m 6=n
Fxm + i(ωa1 − ωcn)Fxn
+Ωa1Fx1Fxn − iFy
dFy
dt
= −iΓγ
2
N∑
m=1
Fxm + (iωa1 − γ)Fy +Ωa1Fx1Fy
(A17)
The exact master equation for the one-qubit system can
be obtained from Eq. (A15) for M = 1 and Eq. (A16)
ρ˙s =
[
−iω
2
σ(1)z , ρs
]
+Ωa1Fx1
[
σ
(1)
− ρs, σ
(1)
+
]
+Ω∗a1F
∗
x1
[
σ
(1)
− , ρsσ
(1)
+
]
(A18)
In the two-qubit case (M = 2), the O-operators have
a more complex formation. Based on Eq. (A13), we have
Oxn(t, s) = f
1,1
xn (t, s)σ
(1)
− + f
1,2
xn (t, s)σ
(1)
z σ
(2)
− +
f2,1xn σ
(2)
z σ
(1)
− + f
2,2
xn (t, s)σ
(2)
− , n = 1, 2, . . .N
(A19)
Oy(t, s) = f
1,1
y (t, s)σ
(1)
− + f
1,2
y (t, s)σ
(1)
z σ
(2)
−
+ f2,1y σ
(2)
z σ
(1)
− + f
2,2
y (t, s)σ
(2)
− . (A20)
From the consistency conditions (A10) and (A11), these
coefficients follow a close group of differential equations
(κ = xn, y)
∂tf
1,1
κ = iωa1f
1,1
κ +Ωa1f
1,1
κ F
1,1
x1 +Ωa1f
2,1
κ F
2,1
x1
− Ωa2f2,2κ F 2,1x2 +Ωa2f1,2κ F 2,1x2 +Ωa2f2,1κ F 2,2x2
+Ωa2f
2,1
κ F
1,2
x2 , (A21)
∂tf
1,2
κ = iωa2f
1,2
κ − Ωa1f1,1κ F 2,2x1 +Ωa1f1,2κ (F 1,1x1 + F 2,1x1 )
+ Ωa1f
2,1
κ F
2,2
x1 +Ωa2f
2,2
κ F
1,2
x2 +Ωa2f
1,2
κ F
2,2
x2 ,
(A22)
∂tf
2,1
κ = iωa1f
2,1
κ +Ωa1f
1,1
κ F
2,1
x1 +Ωa1f
2,1
κ F
1,1
x1
− Ωa2f2,2κ F 1,1x2 +Ωa2f1,2κ F 1,1x2 +Ωa2f2,1κ F 2,2x2
+Ωa2f
2,1
κ F
1,2
x2 , (A23)
∂tf
2,2
κ = iωa2f
2,2
κ − Ωa1f1,1κ F 1,2x1 +Ωa1f1,2κ (F 1,1x1 + F 2,1x1 )
+ Ωa1f
2,1
κ F
1,2
x1 +Ωa2f
2,2
κ F
2,2
x2 +Ωa2f
1,2
κ F
1,2
x2
(A24)
And the boundary condition can be obtained from
Eq. (A12),
f1,1xn (t, t) = Ω
∗
a1δ1,n − iΩmn
N∑
m 6=n
F 1,1xm(t)− iF 1,1y (t)
f1,2xn (t, t) = −iΩmn
N∑
m 6=n
F 1,2xn (t)− iF 1,2y (t)
f2,1xn (t, t) = −iΩmn
N∑
m 6=n
F 2,1xm(t)− iF 2,1y (t)
f2,2xn (t, t) = Ω
∗
a2δ2,n − iΩmn
N∑
m 6=n
F 2,2xm(t)− iF 2,2y (t)
fp,qy (t, t) = −i
N∑
n=1
F p,qxn (t), p, q = 1, 2. (A25)
The exact master equation of the two-qubit system (cou-
pled to N leaking cavities) is given by
ρ˙s =
[
−iωa1
2
σ(1)z − i
ωa2
2
σ(2)z , ρs
]
+Ωa1[O¯x1ρs, σ
(1)
+ ] + Ω
∗
a1[σ
(1)
− , ρsO¯
†
x1]
+ Ωa2[O¯x2ρs, σ
(2)
+ ] + Ω
∗
a2[σ
(2)
− , ρsO¯
†
x2] (A26)
Appendix B: The effective Hamiltonian for the
models with arbitrary size of the cavity-network
In this appendix, we use the unitary transformation
to simplify the total system indicated by Eq. (1). To
be simple but with no loss of generality, we assume an
isotropic condition: the qubits have same transition fre-
quency ωa1 = ωa2 = · · · = ωa, the frequency of cavi-
ties is also identical ωc1 = ωc2 = · · · = ω, and the cou-
pling strengths of atom-cavity and cavity-cavity satisfy
Ωa1 = Ωa2 = Ωa and Ωpq = Ω, respectively. Under this
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condition (Note it is more general than the resonant con-
dition ωa = ω in the main text) and the single-exciton
assumption, we can set up an effective model in which
the qubit system is merely coupled to a few tilde modes.
Through two independent transformations performed on
the original operators of cavity modes and qubits, one
can redefine a set of new annihilation and transition op-
erators (N,M ≥ 2):

a1
a2
...
aN

 = U (N)


a˜1
a˜2
...
a˜N

 ,


σ
(1)
−
σ
(2)
−
...
σ
(M)
−

 = U (M)


σ˜
(1)
−
σ˜
(2)
−
...
σ˜
(M)
−


(B1)
where U (N) is a real unitary matrix used to correlates
the original operators ai (σ
(j)
− ) and the tilde operators
a˜i (σ˜
(j)
− ). To explicitly present U
(N), one should keep
in mind that: (i) The matrix is unitary meaning ev-
ery row and column is normalized. (ii) To make sure
only one effective cavity mode (here it is assumed as
a˜1) is directly coupled to the reservoir and to decou-
ple all the tilde modes, the first column of U (N) is set
as 1/
√
N [1, 1, · · · , 1]† and all the summations of the el-
ements along the rest columns are required to be zero.
(iii) When N ≥ 3, to simplify the interaction formation
between the tilde qubit and the tilde cavity mode, one
can fix that U
(N)
23 = −U (N)13 = 1√2 and U
(N)
1m = U
(N)
2m = 0
with m > 3. All the elements of matrix can then be
straightforwardly obtained by the above procedure (yet
maybe not uniquely). Particularly, for N = 2, 3, 4, the
matrices read
U (2) =
(
1√
2
− 1√
2
1√
2
1√
2
)
(B2)
U (3) =


√
3
3
√
6
6 − 1√2√
3
3
√
6
6
1√
2√
3
3 −
√
6
3 0

 (B3)
U (4) =


1
2
1
2 − 1√2 0
1
2
1
2
1√
2
0
1
2 − 12 0 − 1√2
1
2 − 12 0 1√2

 (B4)
It can be checked that these new operators satisfy all
the required commutation relations for Pauli matrices:
[σ˜
(i)
− , σ˜
(j)
− ] = 0 and [σ˜
(i)
+ , σ˜
(j)
− ] = σ˜
(i)
z δij . The commu-
tation relations for bosonic modes are also conserved:
[a˜i, a˜j] = 0 and [a˜i, a˜
†
j ] = δij .
Therefore based on Eq. (B1), the original Hamilto-
nian (1) is converted to
H ′ = H ′q +H
′
qc +H
′
cc +H
′
ce (B5)
H ′q =
M∑
i=1
ωa
2
σ˜(i)z (B6)
H ′qc = Ω
∗
a
M∑
m=1
M∑
i=1
N∑
j=1
UMmiU
N
mjσ˜
(i)
− a˜
†
j + h.c. (B7)
H ′cc = [ω + (N − 1)Ω] a˜†1a˜1 +
N∑
n=2
(ω − Ω)a˜†na˜n (B8)
H ′ce =
√
Na˜1
∑
k
gkb
†
ke
−iωkt + h.c. (B9)
In the transformed picture, it is clear that the mutual in-
teraction among the physical cavities is vanishing, and
the renormalized frequency of the artificial cavities is
determined by the cavity-cavity coupling strength Ω.
Moreover, through the transformation, only one artificial
cavity-mode represented by a˜1 is subject to the global
reservoir. So it is apparent that an artificial qubit can
be isolated from the reservoir if it has no direct cou-
pling with the artificial mode a˜1. Then the population of
the excited state of the decoupled qubits as well as the
relevant quantumness therein can be extracted from the
effective interaction Hamiltonian H ′qc in Eq. (B7).
In the single-qubit case, i.e.,M = 1, the qubit operator
is unchanged. Equation (B7) for N ≥ 3 can be written
as
H ′qc =
(
1√
N
Ω∗aa˜
†
1 +
√
2N2 − 4N
2N
Ω∗aa˜
†
2 −
1√
2
Ω∗aa˜
†
3
)
σ−
+ h.c. (B10)
If there are only two cavities, then it becomes
H ′qc =
(
1√
2
Ω∗aa˜
†
1 −
1√
2
Ω∗aa˜
†
2
)
σ− + h.c. (B11)
In the double-qubit case, i.e., M = 2, we can get a
compact form of Eq. (B7) for N ≥ 3:
H ′qc =
[
Ω∗aσ˜
A
−a˜
†
3 +Ω
∗
aσ˜
B
−
(√
2N
N
a˜†1 +
√
N2 − 2N
N
a˜†2
)]
+ h.c. (B12)
where the two artificial qubits are labeled by A and
B. One can see that there are merely three mutually-
decoupled cavities influence the dynamics of qubit sys-
tem. In particular, the qubit described by σ˜Bz interacts
with two cavities, one of which is leaky and the other is
lossless. In the limit of a large N , Qubit-B can be re-
garded only to interact with the lossless cavity-mode a˜2.
Another qubit described by σ˜Az interacts with a lossless
cavity with a strength Ωa. So that the quantumness con-
tained in Qubit-A is immune to the decoherence process
caused by the external environment.
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